
794 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-25, NO. 9, SEPTEMBER 1977

General Field Theory Treatment of E’-Plane
Waveguide Junction Circulators—Part II:

Two-Disk Ferrite Configuration
M. EZZAT EL-SHANDWILY, MEMBER, IEEE, AHMAD A. KAMAL, MEMBER, IEEE, AND

ESMAT A. F.

Abstract—This paper presents an analysis of the two-disk ferrite

E-plane waveguide junction circulator as a boundary value problem.

The junction is divided into different regions and the electromagnetic
fields are obtained in each region. Matching of the fields at the

common boundaries is used to obtain the characteristic modes in the
ferrite-dielectric region. Point matching technique, at an imaginary
boundary chosen between the center region of the junction and
the waveguides, is used to obtain the circulator characteristics.

Measurements carried out show good agreement between theory

and experiment.

I. INTRODUCTION

I N THEE-PLANE junction circulator, the ferrite material

may take ti-m shape of a full height cylindrical rod.

However, the kmgitudinal RF miignetic field, on which this

type of circulator depends, is zero at the midheight of the

junction and therefore, the center portion of the ferrite rod is

not magnetically active. In addition, dielectric losses will be

present in this central portion due to the large electric field

which exists there. Thus the ferrite material may take the

shape of two disks placed on the common walls of the

waveguides, as shown in Fig. 1(a) and (b), where

the longitudinal RF magnetic field is maximum. In this case

a smaller volume of ferrite material than both cases of

H-plane configuration and full height E-plane configuration

is used.

For the purpose of the analysis in this paper, the central

portion of the junction is divided into three regions which

are: the lower ferrite disk, the dielectric material, and the

upper ferrite disk, Fig. 1(a). The air surrounding the ferrite is

considered to be region 4, while the waveguides are con-

sidered to be region 5, Fig. 1(b). Excitation takes place by the

dominant TEIO mode via only one of the waveguides. Since

the incident field varies along the z direction, and since the

ferrite construction is not continuous along this direction,

all the TEP~ and TMPg waveguide modes are excited.

By setting up the boundary conditions at all the disconti-
nuity surfaces, namely, the planes z = hi, z = (a – IZz), the

cylindrical surface r = R, and performing the numerical

matching of the fields at an imaginary boundary between

region 4 and the waveguides (region 5), a system of nonho-
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Fig. L (a) Schematic representation of the center portion of the two-disk
ferrite E-plane junction circulator. (b) Plan view of the N-port two-
ferrite disk E-plane circulator.

mogeneous linear equations determining the reflection

coefficient, insertion loss, and isolation is found.

The same assumptions stated in the case of the full height

ferrite configuration are also adopted during this analysis.

II. THEORETICAL ANALYSIS OF N-PORT

CIRCULATORS

In the published literature concerning propagation in a

longitudinally magnetized ferrite structure, the discontinu-

ity takes place in the radial direction (transverse to the

direction of propagation). The propagation constants are

determined from the simultaneous solution of the determi-

nantal equation (obtained from application of boundary

conditions) and the dispersion relation (obtained from the
condition of consistency of solutions of the wave equations)
[I], [2].

In the present problem, discontinuities take place along

the direction of propagation, at the planes z = h ~ and

z = (u — hz ). Matching of the fields takes place along planes

normal to the direction of propagation. This necessitates a

new approach to the solution of the boundary value

problem.

Maxwell’s equations in the ferrite medium are

V x E = –jco,uo[p] . H (1)

V x H =jcozOzJE. (2)
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By separating the transverse and the longitudinal compo-

nents of the fields and the curl operator in the above two

equations, we obtain

–jcopo HZ3Z = Vt x Et (3)

jcoeO&fEz~z = Vt x Ht (5)

aH,
jco80tfEt = V! x dzlfz + ii= x —

az
(6)

where tdenotes the transverse plane, and a= denotes a unit

vector in the longitudinal Z direction.

From (3) to (6), and after making some algebraic and

vector manipulation we get the following two wave equa-

tions in the ferrite medium:

where

p. = effective permeability =
~z – Kz

P’

The second step is to obtain R, and l!?, in terms of the

longitudinal components HZ and E= and their derivatives.

From (3) to (6) we get the following relations:

—— ‘Eo~Kv,E= – joxo Ef ~. x vtE.

1 a2Ez aHz
+ —ii= x Vt~+v, —

jmflo p az

aHz
;vtxaz —

1 v g~—
az +

(9)
~2&o &f Po P

t az3

From (9) and (10) we obtain H,, HO, E,, and E. in terms of

the longitudinal components and their derivatives.

Since we are going to match the field components on the

lower ferrite disk-dielectric interface and on the dielectric-

upper ferrite disk interface, i.e., at z = h 1 and z = (a – h 2),

we should assume the same transverse variation of the field

components in the three regions 1, 2, and 3. Therefore, let

Ez = ttZ, Hz= <,-Z’ (11)

where tt is the field distribution in the transverse direction, Z

and Z’ are functions of z only. Substituting ( 11) into the wave

equation we get

where

K? = CO2Co&fPo. (14)

Assume

from which we obtain

t, cc .J.(KCr) exp (jnd). (15)

Substituting (14) into (12) and (13), and eliminating Z’ gives

+ P(K~Pe – K:)(K; – K;)Z = O. (16)

Assume Z to vary as exp ( –jflz). Substitute into (16), from

which we get the following dispersion relation for the

propagation constant in the Z direction:

(17)

a4Et a’~t
We can now write

azh
— + 2@2&o &f Po P ~ + (coz&o&f po)2(ru2 – K2)Et z = ~le-jBiz + ~2ejP1z + ~3e-.i@z + ~4ej/hz (18)

aE= a’Ez
—— co2&o&f/Jo/Lvt — + Vt~

az

aEz a2Hz
+ jKco2&o &f POV~ x ii= ~ + WPOKvt –27

+ jco3/_&oef(p2 – K2)~z x Vtffz

a2Hz
+ jcopopiiz x Vt ~ -

Z = gl(– A1e-Jp’2 + A2eJo1’) + g2(– A3e-Jp2’ + A4eJp2’)

(19)

where

For the lower ferrite disk (region 1) the tangential electric

’10) field components at z = O are zero. Using these boundary
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conditions we get the following results:

Al = Az and As = Ad

and therefore

m

E, II = ~ ~@cr)[A.1 Cos ~1 Z
~=—~

+ An3 cos ~z z] exp (jnO) (20)

Hzll =j f Ju(KCr)[gl A~l sin /31z
~=—~

+ gz A.q sin fizz] exp (jnO) (21)

{
E,ll = –j f KCY.(KCi-)[(F’l – glR1)Anl sin fllz

~.—~

+ (Pz – gzRz)A.3 sin flz z]

+ ~Jn(Kc~)[(Ql – gl~l)~~l sin DIz

I
+ (Qz – gz S,)A., sin flz z] exp (jn6) (22)

(23)

(24)

(25)

For the upper ferrite disk (region 3), and when using the

boundary condition

E,13 = EO\3= O, atz=a (26)

we get a field distribution similar to (20)–(25), except that

A.l is replaced by CHl, AM3by CH3,~lzbyfll(z – a), andflzz

by /32(z – a), where

Pi= –j~i(–fl~ + Kf~)/Ai

Qi c fiiKjK/Ai

R,= –COPOK/3:/AL

Si = –jOJ[--PoHfl? + K~jJ.(V2 – K2)]/Ai

~ = ~3E~Ef~oK/Ai

Ui = jco(– COCfP? + C02&~&~P0P)/Ai

Ai = [–B; + K~(y + K)][–fi? + K;(v – K)]

and

i = 1,2.

For the dielectric medium, region 2, we put K = O,ef = Cd,

and p = 1 in the previous equations to obtain the following

field components:

‘x

‘z 12 = x J.(Q)[% sin ~dz
~=—~

+ ~n~ COS ~dz] exp (@~) (27)

Hz 12= ~ .l.(KCr)[13.3 sin ~~z
~=–~

+ Bu~ cos ~dz] exp (jn@) (28)

(

fid
E, 12 = f ~ JIKr)[% cos pdz

~=—~ ~

– B., SiIl j?dz] – ; Jn(Kcr) $$
c

)

. [Bn, sin /l,z + Bn. cos fldz] exp (jntl) (29)
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1. [B., cos /?,z - B.4 sin ~,z] exp (jnO) (32)

where

/l; = K; – K:. (33)

The continuity of the tangential electric and magnetic

field components at the interface between regions 1 and 2 is

used to determine the constants Bnl, B.2, Bn3, and B“4 in

terms of Anl and A.3. The result can be arranged such that

each B. is given in terms of A. ~ and A.3. Also, the continuit y

of the tangential electric and magnetic field components at

the interface between regions 3 and 2 gives four equations,

each involving one of the Bn’s in terms of C. ~ and C.3. The

resulting expressions are long, and will not be written here.

Now, Bni (i= 1,2,3, and 4), which is obtained from the first

set of equations, is equated to the corresponding Bni which is

obtained from the second set of equations. The result is a set

of four homogeneous equations in A. 1, A.3, C. 1, and Cn3.

In order to have a solution, the determimmt of their

coefficient should equal to zero. This determinantal equa-

tion is a function only of K:. For any value of frequency,

ferrite and dielectric materials, we have an infinite set of

values of K: that satisfy this equation. Once each of the

values of K: is substituted in the dispersion relation (17) we

obtain the propagation constants /11 and /?2 in the ferrite

material and in (33) to get /?~ in the dielectric material.

The four homogeneous equations in the complex ampli-

tudes Anl, A.3, C.l, and C.3 may be written in a compact

form as follows:

allxtnl + U12An3 + a13Cn1 + a14Cn3 = O

a21An1 + a2z An3 + Uz3Cnl + azACn3 “ O

a31Af11 + a32A~3 + U33C.1 + a34Cn3 e: O

a41An1 + a42An3 + a43Cn1 + a44Cn3 =’ O (34)

where all, a12, ..., etc., are the elements of the determinant.

When solving (34) simultaneously, AH3, C.l, and C.3 are

found in terms of Anl. The results are

797

Bn3 = (a~l + Ma32)An1 = W3A.1 (40)

Bn4 = (a41 + A4a42)An1 = W’4An1. (41)

For the field distribution in the air surrounding the

ferrite-dielectric structure, region 4, it is written as in Part 1,1
(10)-(13). -

The second step in the analysis is to get the complex

amplitudes Fm,nl, Fm,n2, Hm.n ~, and H~,.2 in terms of A.l

only. This is done by the use of the continuity conditions of

the tangential electromagnetic field components on the

boundary between region 4 from one side and regions 1-3 on

the other side, i.e., on the cylindrical surfacer = R. Take E=

as an example

EZ(R,6,Z) 14= EZ(R,6,Z) I~, O<z<hl

= EZ(R,6,Z) 12, lS1<z<(a-h2)

= Ez(R,tl,z) l,, (a – h2) < z < a. (42)

These boundary conditions are applicable in the range of 6

from O to 2n, and therefore, the summation on n in the

expressions of E= in (42) can be eliminated, due to the

orthogonality properties of the exponential functions.

By multiplying (42) by cos (hcz/a) and integrating from

z = O to z = a, we obtain the following:

where

Lli = ~[11 + M12

‘w

+ F1,n2Yn(K.R) = ~ LILAnli (43)
inl

+ W515 + W616]Jn(KCiR)

An3 = Anl
—a11(a23a34 — az4a33 ) + a21(a13a34 - a14a3, ) - a31(a13a24 - ai4a2,) = MA

a~z(az3a3~ - a24a33) - a22(a~~a34 - ai4a33) + a32(;~3a24 - a14a23) “

c = A (a24a11 – a14a21) + (a24a12 – a14a22)M = w,Anl
nl nl

(a14a23 - a24a13)

(35)

(36)

Cn3 = –A”l
all + a13 W5 + a12M

= W.Anl. (37)
a14

Substituting (35) into the values of B.l, .””, B.4 we get the 1.= [~. sin /l,(a – h2) cos ~.(a – h2)

following: – ~d cos /?d(a – h2) sin f14(a – h,) – ~. sin /?dhl

B.l = (all + Ma12)An1 = WIAH1 (38) “ cos /34h1 + /3d cos @dhl sin /34h1]/(~t – ~~)

Bn2 = (a21 + Ma22)A”1 = W2An1 (39) i See Part I of this paper, pp. 782–791 of this Issue.
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+ /34 cos /34h1 sin fl~hl

– ~. cos j34(a – h2) cos /?,(a – h2)

- ~, sin ~.(a - h,) sin fl,(a - ~2)1/(Pi - D?)

111 = [–p4 cos l?4(a – h2) sin /31h2

- p, sin 94(a - h2) cos Pi ~2]/(fl~ - Of)

112 = [–/14 cos f14(u – h,) sin /32h2

- D2 sin /?q(a - hz) cos P2h21/(Pi - D;)

j34 = lz/a.

Equations (43)-(46) are four equations in the unknowns

F Fl,~2, H1,~l, and H1,~2.l,n17 When solving these equations,
these complex amplitudes are determined ~in terms of an

infinite summation on A. ~i. The result takes the following

form:

F l,nl = 04 f ‘liAnli + ‘5 ~ ‘2iAnli
i=l i=l

m

(47)

m

(50)
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Fig. 2. Schematic representation of the Y-type two-disk

circulator.

axis of this cylindrical surface coincides with the junction

axis and its radius is b/@ as shown in Fig. 2. Same

boundary conditions on this imaginary boundary (29)-

(32) in Part I’ are also applicable in this case. For the case of

the input waveguide (i = 1), substitute in these boundary

conditions by the field distributions in region 4 and in the
input waveguide using the relations (47)–(50). When using

the orthogonality properties of the trigonometric functions,

we get the following set of equations:

.%$1[F’’’++)

The electromagnetic field components in the waveguides

have been written in Part 1,1 (14)-(28). These field distri-

butions are also applicable in this case, so they will not

be repeated here for the sake of briefness.

Until now, the analysis is general and maybe applied to

any junction with any number of ports whether symmetrical

or nonsymmetrical. In order to get numerical results, we

shall use the Y-junction circulator as an example.

( )1+F22 Y. K= ~ A.li exp (jnO)
E-plane $

“ exp (rlqb cos 6/fi) = 0,

1=0,1,2,”””, cc (51)

A. The Two-Disk Y-Junction Circulator

The imaginary wall between region 4 and the three

waveguides (region 5) is chosen to be a cylindrical wall as in
the case of the full height Y-junction circulator, Part I. 1 The

1=1,2,”””, co (52)

. exp (rlqb COS9/~)

1=1, 2,”””, CQ (53)
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com

1=0,1,2,””’, co (54)

where

jnGu

‘n’ = b/@–-( )‘n ‘“$

jnG.

‘n’ = b/$–( )x ‘a%

()‘“3=‘aKaJ;‘a%
()‘“4=‘“K”Y:‘“5
()‘3=‘“KaK‘a%
()‘4=uaKaK‘a%‘

611, rl~, K!g, Kd, and Klo are as defined before in Part l.l

Replacing alq by a;~, bl, by & 6 by (0+ 2z/3), and

equating the right-hand side of (51>(54) to zero, we get a
set of four homogeneous equations corresponding to wave-

guide 2, Similar equations are derived in waveguide 3, by

replacing alg by a~g, bl~ by b~g, 0 by (0 + 4n/3 ) in the same

equations, and also equating the right-hand side to zero,

since there are no incident waves on ports 2 and 3.

In order to obtain the circulator characteristics, we use the

point matching technique on the imaginary boundary be-
tween regions 4 and 5. Truncation in the seven infinite

unknowns should be done. Also, a finite value for 1should be

chosen. Consider IV cylindrical modes, Q ~transverse electric

modes, Q ~ transverse magnetic modes, and i = 1, 2, . . . . M,

i.e., we have M roots for the determinantal equation. For

1= 0,1,... , L, all TE1~ and TM la,up to TE ~~1and TM ~Q2 are
excited. For p matching points in each waveguide, we have

the following:

total number of equations= 6p(2L + 1);

number of cylindrical complex amplitudes = M(2N + 1);

number of TE complex amplitudes = 3[L(Q 1 + 1) + Q 1];
number of TM complex amplitudes = 3LQ2.

In order to have a solution, the total number of equations

should be equal to the number of unknowns, therefore

6p(2L+ 1)= M(2N + 1)+ 3[L(Q1 + 1)+ Ql] + 3LQ2.

(55)

~ III. NUMERICAL AND EXPERIMENTAL RESULTS

The numerical solution consists of two main parts, the

results of one part are considered the necessary data to the

other. These two parts are

i) the determination of KC, and consequently the propa-

gation constants in each of regions 1, 2, and 3;

ii) the determination of the circulator characteristics,

numerically.

The determinantal equation is solved numerically using

the false position method up to the accuracy of 10-8. The

pivoting method of Gauss is used to numerically solve the

simultaneous linear equations to obtain the waveguide

mode amplitudes, the cylindrical mode amplitudes, and

consequently the circulator characteristics.

In order to check the correctness of the results, a case very

near to the full height case is first chosen. This case is

hi = hz = 0.4 in (a= 0.9 in) and the permittivity of the

dielectric region (region 2) is taken equal to the ferrite

permittivity. Two cases have been calculated numerically for

R = 0.1 in using the first ferrite material (Y13A) over the

entire X band and plotted together with the corresponding

full height case in Fig. 3. It is clear from this figure that both

the insertion loss and the isolation curves in the three cases

are very close, while the reflection coefficient curves differ a

little. By this method we are now sure of the validity of the

analysis and the correctness of the program.

Many values for the propagation constants in each region

have been obtained by solving the determinantal equation

numerically, and the adopted solution needs only three

values for the propagation constants in each region. So, it is

important to study how the propagation constants are

chosen. What is the most important root? What is the

second root to be chosen, and what is the third root? The

authors have studied this problem, and the conclusions are

summarized as follows. From the analysis of Section II, we

find that the denominators of the integrations I ~,12,00”, I ~~

take the form of [(he/a)2 – ~~], or [(he/a)2 – /3~], or

[(in/a)2 – ~~]. In order to make 1,,12,.. ”,1,, have effective

values, these denominators should be as small as possible.
This means that the values of P ~,~2, and /3~which are near to

(ht/a), where 1 takes the values of O or 1, are the most

important. Since the dominant mode (the most important

mode) varies as z/a (137.793 rad/m) along the z direction,

then the most important propagation constant is that
nearest to the value n/a.

A. Numerical Results of the Propagation Constants

As it has been mentioned before, propagation constants

are found from the solution of the dispersion relation

together with the determinantal equation. There are infinite

values of the solution that satisfy both relations at any

frequency. These infinite roots represent the propagation
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Fig. 3. Circulator characteristics for the full height and two-disk circula-
tor, R= O.lin, e~=&, (case l:P= 3, N=4, QI=3, Q2=2, A4 =2,
L = 1; case 2: the same as case 1, but L = 0.1).

constants in each region. The propagation constants for

different ferrite heights are calculated numerically and

plotted against frequency. All calculations have been carried

out for the ferrite material Y13A with H~C = 200 Oe. Only

sample calculations will be presented.

Fig. 4(a)-(c) shows a plot of frequency against P ~,~z, and

p, when hi = h, = 0.05 in. It is clear from Fig. 4(a) and (b)

that the frequency varies with ~ ~and ~z approximately in a

linear manner. The values of ~1 and ~z increase as the

frequency increases and become larger, and larger than the

value n/a. In this range of frequency fll and 62 are always

found to be real positive. As the frequency increases, we

notice that the roots become near to each other until they

reach very close values at the upper end of the frequency

band (12.5 GHz). The values of ~2 are always smaller than

the corresponding ~1 values. Since hl and h2 are small

801

compared with a, we find that the smallest values for ~ ~and

f12 are 784.09 and 331.81 rad/m, respectively, which are very

large compared to n/a. Fig. 4(c) shows a plot for the

frequency versus ~~. It is clear from this figure that it consists

of two groups, one of which has linear variation, while the

second group is slightly curved, especially at the upper end

of the frequency band. The values of fl~ are very close to n/a

when compared with the corresponding values of/3 ~and f12

in the ferrite material. fl~ may have imaginary values which

represent nonpropagating modes. ~~ modes may be real

positive, i.e., propagating, along the entire X band of fre-

quency, may be real positive in the first part of the fre-

quency range, and then transformed into an imaginary one

(i.e., nonpropagating mode) in the rest of the frequency

band, and may be imaginary all along the frequency band,

with increasing values with frequency.

It is noticed from the numerical results obtained that

when the ferrite disk is very small, the values of /?Jare closer

to n/a than the values of ~ ~ and f12. When the ferrite disk

height becomes large compared with the dielectric height we

find that fll and ~2 become very near to n/a, while /1~takes

larger values. These results are expected from physical

considerations. When the ferrite disks are short, ~hen the

configuration is approximately similar to the full height

dielectric rod and the effect of the ferrite is small. Therefore,

the dielectric propagation constants are expected to be the

dominant factors. In other words, those integrals from 1 ~,12,
. . . , 11z, which are related to the dielectric region, will be
more important than the others. On the other side, when the

ferrite disks are long, then the situation reverses and the

ferrite propagation constants dominate.

In the next section, we shall use the calculated propaga-

tion constants to obtain the circulator characteristics for

these ferrite disk heights for different ferrite radii.

B. Numerical and Experimental Results of

Circulator Characteristics

Numerical results are obtained for the circulator charac-

teristics when the disks height is 0.05 in and for different

values of disk radii, and then these cases are verified

experimentally. The numerical and experimental circulator

characteristics for R = 0.1 in are shown in Fig. 5. It is noticed

that the general shapes of the numerical and experimental

results are nearly the same. Frequency of maximum isola-

tion which is defined to be the frequency of circulation takes

place numerically at 8.75 GHz, while it is found experi-

mentally to be 8.85 GHz; this means that there is a shift in

the frequency of circulation by only 0.10 GHz, and the value

of isolation is slightly less, For frequencies equal to or larger

than 9.25 GHz, most of the power is reflected back from the

input port, and the power output from the other two ports is
very small. It is clear from Fig. 5 that there is only one

frequency of circulation, and no other circulation frequen-

cies in the same or opposite sense of circulation have

appeared. Comparing this result with the corresponding

characteristics, for the full height case using the same ferrite

material and radius, we find that removing the central

portion of the ferrite rod decreases the circulation frequency
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Fig. 4. (a) Frequency versus propagation constant fl, in the two ferrite disks, h, = h. = 0.05 in, s.= 1. (b) Frequency
versus propagation constant ~z in the two ferrite disks, h ~ = hz = 0.05 in, s~ = 1. (c) Frequency versus propagation
constant /?~ in the dielectric region, h ~ = hz = 0.05 in, Ed= 1.

by about 1.85 GHz. The values of isolation and insertion loss of ferrite radius with circulation frequency is as shown in

at the circulation frequency are better in the two-disk case Fig. 7.

compared with the full height case. These two figures can be used in designing X-band

Fig. 6 shows the variation of ferrite radius with circulation E-plane circulators.

frequency for different disk heights. As the radius increases,

the circulation frequency decreases, and for the same radius, IV. CONCLUSIONS

the circulation frequency decreases with increase of disk The theory presented in this paper allows the determina-

heights. tion of the propagation constants of the characteristic

When using two disks with unequal heights the variation modes in each region of the central part of the junction
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Fig. 6. Ferrite radius R versus frequency of circulation for different disk

heights, H,C = 200 Oe, material Y13A
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Fig. 7. Ferrite radius R versus frequency of circulation for disks with

unequal heights, H,sc = 200 Oe, material Y 13A.

which consists oftwoferrite disks separated by a dielectric

material. There are infinite values of the propagation con-

stants at any frequency. However, not all of these modes are

propagating. It is found that the propagation constants in

the ferrite disks vary approximately linearly with frequency.

The linearity increases by decreasing the ferrite disk height.

Circulator characteristics have been obtained numer-

ically for different ferrite disks’ heights and radii. The general

shape of the circulator characteristic curves obtained by

numerical technique and experimental measurements are

found to be nearly the same, which verifies the theoretical

treatment.
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J—

fG Hz
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(b)
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